lechure 19  (2112/2044)
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Se ch he c.m‘jedwe bhoys  been Mj soled '“"‘Q'j in R* ond thee is ?mﬁaﬂ. frucbrt':ss
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Uolakion : Lek £SR We denole by € e S~ neighbowrhand of € in R
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\H‘\EN. NQO) is the smqﬂles‘ number og- %-cu.bes N @\n 'neenlecl o cover Eg.
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Indeed, there are two woys to see Hhis:
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To wower 'Hle M- cube b\S - abes in an up‘ffmqﬁ Mﬂ,
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o equal intervalls of ﬂ.ensjcﬁ T, e im % imtervals
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S-asbes inside the M- asbe, whidh cover the M-cube.

We want 4v divide & cube v?-dolnme M
W) QI-IL’QS 02 uohmﬁ. %ﬂ. 'C:rr M} we "\Cﬂt:l
o

:!-- S- awbes.

%“




Pra?&r’t‘iES 4 -Phe uﬁ@r Umbmsh @[imEﬂﬁfGﬂ‘.

o ¥ AcR ae kuunAQA SU-‘:BQ}S ﬂg Rﬂ , then a\i‘mnﬂé AimMB.
The reason is had A° SB% $or ol $50, S0 we need more - cubes to cover 8’
hon b wier B thus, UE) s Qaraer for B than S A%, o allSo0

® hn:) wbe in @\ﬁ J\nﬁ u.??e.r M?ﬂlﬂm&)S\:i Jimcnsim .
tndeed :  (omsider an R- cube, %r some R>0.

o Ji o= S
J’“M(R U’-"Q)* - 1} s door M (Q-q_.,b@_-)s \S mﬂ‘l'inﬂ'&tl N an

_ \ \ (R+3%5)~ ube, whidh, as we howe enfln.inecl.. needs
2 4S " M )
L J‘\P‘ ? (R i’S) 3- wbes %o be ouered. %, V()< Lo .-,




thus, £or ol smoll 370,

n ;e \
o) By e by(3) Aeg®aB e ke
tooy (5) log () foq (%) e (%f e
Ml‘i—ro
O

c!ij (R-cube) <n.

o dim, (R-ade)>n: (R-cube)® 2 (R-aube), so N(), the number of S- atbes needed

)
o wver (R-cube) s 2 the mumber 0-’} S- wbes needed to cover e CR-'G.LbQ);

e > 51 Loa L( % \ AR

- ¢ D Y\ SR
{ { \ -

S0 &-lm (R-wbe) >n l'%ﬁﬂ



o Lt ESR" bounded. We hawe Hhad dim € <n.
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e o‘i'm“E S Jlmu (R-—cu.]:)e.): n.



lechre 20 (4[1213044)

for any E<R" bounded, dim £ 2 dim € (exercises)

Thesedore, in principle showimq +hat the tausdord] dimension of a Ra\ce,oq sk R" s
« s hordor Hhan sl\ow‘ms thal ils upper Mimkowoski dimension is m. \n dact, there
fas been some exira progress en e {oﬁawmg weaker versiom of fhe Kulueaa
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We start with the Mgmiﬂs.
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The above i*m?ﬂ.ies thad, when sx'ucljms the 'u??er M‘m\cﬁmsh dimension ) constounts
’CM &6?61& u‘nﬂlj an m MCl powers % 203;_—- CON lbe isnere& N muﬂ%?&cﬂhm;
e won be seen as the mumber A, This is redlected in Jhe motodion
bellow:
Notodion © Suppose thak we work in R” For posihue quantities A B, we write

A<B d lhere edsts a wnstant Gy, Ae?encliﬂaanﬂljm n, sk
A<(C, B.

v other words ; Co S L, for ony sttt ¢, 2O olﬁ?ﬁﬂdiﬂi ﬂ‘ﬂ%oﬂ n.



f\lare,ouer, we write A > B 'tf BIA e RZ2c B Hdor some c, >0
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ond A~B if A<B and AZB, 1e ¢ ,B SRS




— We have shown thak ig €°1 23" for all $50 , then
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— We Rave shown that, i |E%] 2 BV v ol $50, then dim, E Za
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(onechue - Lek K be a Kakega sk in R, Then, K121 for all $70.
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Ledwa 34 (9(112)2014)

Let R be o Raltya sek in R". In the previous lechure, we ey?l!mned thed , f
2L for ol 370, (%)
then JimuKm.
o this lechwe, we will shew that @) is tm?ﬁie.d by enothe maec«hue, S"ro-naer Paan
the Rakeya sek mjedwe : the maximal V\ubaa operador comiectue.

Cst, we need o lind some struchwe n K, for ol $20.
Indeed, Qet 850, K wmboins & unit line se.sncn'l m eoch cl-‘.redciaﬂ, SO

K% ontouns o tube °£ m.d.ius S ﬂncl Qp_ngl'h b in md\ clirec.‘honJ
o K contains @ tube of widh S and length L in eack direction.
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For ™oy YE0SoNs, we are interested n  5- tubes inside kS with ungﬂ.e 20 between them.
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weﬂa? o ot so 1%03 are esserrkdﬂj the same tdbe. o
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for all 50, K wnloms a ‘gumipﬁ T o4 3—53?31'&4'@& S-tubes in R7, with #T~
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A.i“'ﬂm\‘\:'ﬁ ‘?01' 0.113 V\a‘:ejia set K n ”ﬁf’ (0'2 course, un&ﬂ" the ussum?"r'\m !')‘



?TDE‘, l‘g <

n

we Aave Hhat 5(1

TeT

|

then
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led T be o P“""'!ﬂ of S—s-e?qrot\'ec! 5-Abes in W contained in V\S, wibh
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i
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Ros volume = (surfoce avea .2 its
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Se, L2 WM o 8 2\, 43>0.
|
~dependent of S

T“Uegore : Cli"mM Kemn.

e have Weredore shown Ahat

Mauima deeﬁﬁ N nge_tjq sed wnsecjfl-lfe (weak version)

operaLtor mﬁ&c’\wﬁ

lon guc}c , i+ can be shewm (-l‘?muﬁm k1S 3Q'3‘M-3 Lcu“l&') %d'l‘

Maximal) KQ\QE-SQ
operator cmd: ctuve

=D que,ﬂa sek Cnm'ae.dﬂ.te..



Thee is @ Qo of researdh Jfoc!ﬂj o Jhe Maxmal Rul:clja. ﬂPequror cmjw\‘wt
ln —’}ﬂé; E.D.clnﬂl’ﬂg Hhe ex?cmen-\ on W\E LHS u—g Yne cm\jeéuw £rem1 Sl

n~4

to Some q> —_ ) imt\ cj‘lcmyﬂS ﬂ?'?"o?ﬁc,‘?oj Yre 3*'{’0"'\3"" "g % d‘ﬂ

m-1

RHS ) e 3&5.- ] worse vers\om 4 '\“\E mjeéure) \.D-p\tC!'\ i'rnTQ'ue:t w\Q“'

G»"ij Rct\ﬁijﬁ S'E'}t -P\ﬁls “dwaor% (:tnt:l *{\ﬂkdﬁﬂﬁki) Aimenﬁim --"-:"’...---cifIIF (seg Buu_r Qxerdws),
{Unlce thadt - (“:i.) ,  and £o:f" c\?rf; _ Cl*’ LS _5 N J |
Today we know thad the Maximal Ka\:a\ju ﬂ?erac!-or Cunsedme holds go* = —— j

So dﬂ3 Ku\:hjq be-“ has Hausc}m-g.? climensim = (rn-#;i) ’i‘H'fI

resul ¥ by \Uang (the Rairbiush &raumen-\u Nl Wou. isre ‘“*@95+3d L)

T-gmis S a



Lecture 22 ((A142]2014)

n the previous leckure, we imhroduced {he {ollowing m&ec&ue;

L\a.x.-imuﬂ \ﬁa‘cfﬂu n?e,rquw mﬁ\ECHLfE: For aﬂﬂ 3?0, 'eof W%—squuké &mi% .4
%-Jrubes tn p\ﬁ : W -?'\aQt!b Hat
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would ‘wng% e tuth o-f- Hhe KqLeﬂu set mnjen‘fme. Were, we will exrﬂmin



o Llle “”‘S the maximal Rmke:ju uyemjwr consedm malkes sense.

‘E*"BJ( og d.m ,  we ﬁa!ﬂ't:e -’r‘w}c

S ET ~ {
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Ty,

TE€T
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e macaal Ra\:ejd o berartor mseciure Joims thad the imyerse 'MQC‘MQE%

ioﬂ.c\'s Yoo, as -Qoﬂj 0SS one 19 wiﬂl‘wqj Yo increase %“1 ET \“:j o "?“'cl“‘" 0‘3
Ca

Be go{m ( ,Qna %) |

e wmorximal Kul:e;ju n?emcjror mnsechue. Qolds in dwe exremal cases: olen ol +he
l-ul:es m T are ?airmiae JiSjQiﬁl‘_, a.ntl w!\@ am 'W'\E '|1I-l'3-33 "M T fﬂﬁﬂb "'hfou-aﬂ
the same poind. ndeed -
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S"\ﬂCE 5 is 0O nu&SIAE He uniem rg- Yhe +u.b€$‘ Ma Swnce
XT

TG 1

'u"e Meﬁ m T o mense. cllﬂjnt’l'])f) l“' ??o.@ﬂms —”\CL'{‘

[ (jps,rrx))ﬂﬂ Ik = 2 ( ( imm)ﬁ dx -
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<R TET TeT o' TeT
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i
e f ¥ {tupes m T Hhrough x}" T dx

Ll L4 L’if each xe T} Here
exists maﬂ L dubem T
= j S {1 dx = j | Tl ~ 4T -%nﬁi * P”iSi“S “““‘““"BR - E*Tﬂ'ﬁf—-
TET xeT TET

n

—

| n
Do, in Hhis case, [ (TET ')h_) T, by whal we Rove
R

ecplaimed  earlier, e LUS o] e maximod Ral'.eaa operator wndﬁcl-mt is the
smalllest afos&BQQ (Note 4hod anclher woy o see Hhis 15 Hhe £ Wouwin g Rere,

59\7 tokes nrnDAj e values O and 1, %(j 731_)““1 -~ 2 Ar » 3o
T+

TET e T reT

j-(i '751-)“4 - g A Re ~% 4T T

TET n TET
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Nole Wok i Wis cose we didn't even need o use the Se?mq-‘-im 4 We Aubes.

wse 2. Tis o §-separated fomily of S-tubes m R, all passing Hhrouh Hhe same
Puh-A- (Wis is known as a bush ) - aoJ,

We wn assume thad O is dhe root
2 s bush, ie. that all Hhe dubes

S pass -l-hmmaﬂ o}

ln Case &, we ‘ool adﬂaﬁ‘co.Bc of the fact that the tubes were pourwise

dispint.  Woe ey ae clearly not : however, becaie Jhe angle between any
fweo 0% owr tubes is 29, e fuwlher we we Aoy Dom Hhe O*f‘ijh; He



“ more Jissaint" ouxr +ubes l:ecome,l_ This s u;]ml we will use m Yhis case.

s £omu.Qﬂ3 expresSEJ m e Mom‘ms statement

[ xeR" be o point ot distance v From the reot of the bush. Then,
< A Aubes '™ T wan pass -I‘hfouaﬁn X

-4
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